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Abstract
The decay rate of the Higgs decay H → Zγ is evaluated at the one-loop level in
the SO(5)×U(1) gauge-Higgs unification. Although an infinite number of loops with
Kaluza-Klein states contribute to the decay amplitude, there appears the cancellation
among the loops, and the decay rate is found to be finite and non-zero. It is found
that the decay rate is well approximated by the decay rate in the standard model
multiplied by cos2 θH , where θH is the Aharonov-Bohm phase induced by the vacuum
expectation value of an extra-dimensional component of the gauge field.
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1 Introduction
The Higgs boson of a mass about 125 GeV has been found at LHC. [1] [2] The signal
strength of each decay mode of the Higgs boson has been consistent with the standard
model (SM). [3] [4] Though the decay mode H → Zγ has not been observed so far, it is
expected to be seen in the Run 2 at LHC. The decay rate Γ(H → Zγ) has been evaluated
in the SM, [5] the two Higgs doublet model, [6] the minimal supersymmetric standard
model, [6] the universal extra dimension model, [7] and the type-II seesaw model. [8]
The gauge-Higgs unification (GHU) is one of the scenarios beyond the SM. [9–17] In
GHU the 4D Higgs boson appears as part of the extra-dimensional component of the gauge
potentials. When the extra-dimensional space is not simply connected, it is identified
with the 4D fluctuation mode of the Aharonov-Bohm (AB) phase θH along the extra-
dimensional space. The gauge invariance protects the Higgs boson from acquiring divergent
mass corrections. The Higgs boson mass is generated at the quantum level, being finite
and independent of the cutoff scales in the theory. Especially the SO(5) × U(1) GHU in
the Randall-Sundrum (RS) space-time is phenomenologically successful. [18–22] The Higgs
doublet appears in the SO(5)/SO(4) part of the fifth dimensional component of the vector
potentials with the custodial symmetry. The model is consistent with the LHC results
for θH < 0.1. The deviation of the decay rate Γ(H → γγ) from the SM, for instance, is
less than 1%, [23] despite the fact that an infinite number of Kaluza-Klein (KK) modes
of the W boson and top quark contribute. Z ′ events are expected as the excitation of
the first KK modes of γ, Z and the lowest mode of ZR, the neutral SU(2)R gauge boson.
Their masses are almost degenerate, and are estimated to be in the range 4 to 8.5 TeV
for θH = 0.15 ∼ 0.07. [24] There also exists a dark matter candidate in the model, the
lowest KK mode of SO(5)-spinor fermion called dark fermions. [25] Its mass is in the
range of 2.3 - 3.1 TeV and the spin-independent scattering cross section per nucleon is
σN ' O(10−44) cm2. It may be detected in the 300 live days run of the LUX experiment.
In this paper we focus on the decay mode H → Zγ in the SO(5) × U(1) GHU. The
decay width of H → Zγ has been evaluated in the SU(3) GHU model on flat M4×(S1/Z2)
by Maru and Okada. [26] They found that it vanishes at the one loop level, due to the
group structure of the SU(3) model. In the SO(5)×U(1) GHU in RS, on the other hand, it
is known that the gauge couplings of the SM particles are almost the same as in the SM so
that one expects that the process H → Zγ occurs. Furthermore, as in the case of H → γγ,
one needs to worry about the contributions coming from an infinite number of KK modes
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running in the loops. The situation in the case of H → Zγ is more involved than that in
the case of H → γγ. In H → γγ, the KK number of virtual particles running the inside
loop is conserved. In contrast, in the case of H → Zγ, the KK number of virtual particles
may change, as both H and Z have off-diagonal couplings in RS. This gives rise to an
interesting question whether or not the sum of all these contributions converges. It seems
to require more subtle cancellation mechanism to have a finite result than in the case of
H → γγ. We demonstrate in this paper by direct evaluation that miraculous cancellation
takes place among KK-number-conserving and KK-number-violating loops. After all, the
deviation of the decay width from that in the SM is O(1) %.
The paper is organized as follows. In section 2, the model of the SO(5) × U(1) GHU
is explained. In section 3, we review the decay rate of the H → γγ and evaluate the
decay rate of the H → Zγ process in the SO(5)×U(1) GHU. In section 4, conclusion and
discussions are given. In the appendix, we summarize Z and H couplings of various fields
which are necessary in calculating the H → Zγ decay rate.
2 Model
We consider the SO(5)×U(1) gauge-Higgs unification in the Randall-Sundrum (RS) warped
space, [27] whose metric is given by ds2 = GMNdx
MdxN = e−2σ(y)ηµνdxµdxν + dy2, where
ηµν = diag(−1, 1, 1, 1), σ(y) = σ(y+2L) = σ(−y), and σ(y) = k|y| for |y| ≤ L. The Planck
and TeV branes are located at y = 0 and y = L, respectively. The bulk region 0 < y < L is
anti-de Sitter (AdS) spacetime with a cosmological constant Λ = −6k2. The warp factor is
zL ≡ ekL  1, and the Kaluza-Klein mass scale is given by mKK = pik/(zL − 1) ∼ pikz−1L .
The model consists of SO(5)× U(1)X gauge fields (AM , BM), quark-lepton multiplets Ψa,
SO(5)-spinor fermions (dark fermions) ΨFi , brane fermions χˆαR, and brane scalar Φˆ. [22,23]
The model has been specified in Refs. [24,25]. The bulk part of the action is given by
Sbulk =
∫
d5x
√−G
[
−tr
( 1
4
F (A)MNF
(A)
MN +
1
2ξ
(f
(A)
gf )
2 + L(A)gh
)
−
( 1
4
F (B)MNF
(B)
MN +
1
2ξ
(f
(B)
gf )
2 + L(B)gh
)
+
∑
a
Ψ¯aD(ca)Ψa +
nF∑
i=1
Ψ¯FiD(cFi)ΨFi
]
,
D(c) = ΓAeAM
(
∂M +
1
8
ωMBC [Γ
B,ΓC ]− igAAM − igBQXBM
)
− cσ′(y). (2.1)
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The gauge fixing and ghost terms are denoted as functionals with subscripts gf and gh,
respectively. F
(A)
MN = ∂MAN − ∂NAM − igA
[
AM , AN
]
, and F
(B)
MN = ∂MBN − ∂NBM . The
color SU(3)C gluon fields and their interactions have been suppressed. The SO(5) gauge
fields AM are decomposed as
AM =
3∑
aL=1
AaLM T
aL +
3∑
aR=1
AaRM T
aR +
4∑
aˆ=1
AaˆMT
aˆ, (2.2)
where T aL,aR(aL, aR = 1, 2, 3) and T
aˆ(aˆ = 1, 2, 3, 4) are the generators of SO(4) '
SU(2)L×SU(2)R and SO(5)/SO(4), respectively. The quark-lepton multiplets Ψa are in-
troduced in the vector representation of SO(5), whereas nF dark fermions ΨFi in the spinor
representation with QX =
1
2
. The dimensionless parameter c, which gives a bulk kink mass,
plays an important role in controlling profiles of fermion wave functions. Ψ¯ = iΨ†Γ0.
The orbifold boundary conditions at y0 = 0 and y1 = L are given by(
Aµ
Ay
)
(x, yj − y) = Pvec
(
Aµ
−Ay
)
(x, yj + y)P
−1
vec ,(
Bµ
By
)
(x, yj − y) =
(
Bµ
−By
)
(x, yj + y),
Ψa(x, yj − y) = PvecΓ5Ψa(x, yj + y),
ΨFi(x, yj − y) = ηFi(−1)jPspΓ5ΨFi(x, yj + y), ηFi = ±1,
Pvec = diag (−1,−1,−1,−1,+1), Psp = diag (+1,+1,−1,−1), (2.3)
which reduce the SO(5)×U(1)X symmetry to SO(4)×U(1)X ' SU(2)L×SU(2)R×U(1)X .
SO(4)×U(1)X symmetry is spontaneously broken to SU(2)L×U(1)Y by the brane scalar
Φˆ.
The 4D Higgs field appears as a zero mode in the SO(5)/SO(4) part of the fifth di-
mensional component of the vector potential Aaˆy(x, y) with custodial symmetry. Without
loss of generality one can set 〈Aaˆy〉 ∝ δa4 when the electroweak symmetry is spontaneously
broken. The 4D neutral Higgs field H(x) is a fluctuation mode of the Wilson line phase
θH which is an Aharonov-Bohm phase in the fifth dimension;
A4ˆy(x, y) =
{
θHfH +H(x)
}
uH(y) + · · · ,
exp
{ i
2
θH · 2
√
2T 4ˆ
}
= exp
{
igA
∫ L
0
dy〈Ay〉
}
,
4
fH =
2
gA
√
k
z2L − 1
=
2
gw
√
k
L(z2L − 1)
. (2.4)
Here the wave function of the 4D Higgs boson is given by uH(y) = [2k/(z
2
L − 1)]1/2e2ky for
0 ≤ y ≤ L and uH(−y) = uH(y) = uH(y + 2L). gw = gA/
√
L is the dimensionless 4D
SU(2)L coupling.
3 H → Zγ
The Higgs decay processes H → γγ and H → Zγ are absent at the tree level and occur at
the one loop level. In the SO(5)×U(1) GHU not only the W boson, quarks and leptons in
the SM but also their KK modes and additional gauge bosons and dark fermions contribute
to the processes. We show that these corrections are finite and small in the SO(5)× U(1)
GHU, thanks to the cancellation among them.
3.1 Γ(H → γγ)
We shortly review the decay process H → γγ in the SO(5) × U(1) GHU model. [23] We
follow the notation of Ref. [6]. The decay rate in the SM is given by
Γ(H → γγ)SM = α
2g2w
1024pi3
m3H
m2W
∣∣∣∑
i
Nc ie
2
iFi(τi)
∣∣∣2 , τi = 4m2i
m2H
, (3.1)
where Nc i is the number of the color degrees of freedom and ei is the electromagnetic
charge in units of e. Functions F1(τ) and F1/2(τ) are assigned for gauge bosons and
fermions, respectively, and defined by
F1(τ) = 2 + 3τ + 3τ(2− τ)f(τ) ,
F1/2(τ) = −2τ [1 + (1− τ)f(τ)] ,
f(τ) =

[
sin−1
(√
1/τ
)]2
for τ ≥ 1 ,
−1
4
[
ln
1 +
√
1− τ
1−√1− τ − ipi
]2
for τ < 1 .
(3.2)
In the large τ limit F1/2 → −43 and F1 → 7.
In the SO(5) × U(1) GHU model, KK numbers are conserved by the electromagnetic
interactions. The decay rate in the GHU becomes
Γ(H → γγ) = α
2g2w
1024pi3
m3H
m2W
∣∣∣∣FW + 43Ft + nFFF
∣∣∣∣2 , (3.3)
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Figure 1: Behaviors of IW (n) = gHW (n)W (n)/gwmW (n) cos θH , It(n) = yHt(n)t(n)/y
SM
t cos θH and
IF (n) = yHF (n)F (n)/y
SM
t sin
θH
2
in the case of nF = 4, zL = 10
5 for which θH = 0.1153.
where
FW =
∞∑
n=0
gHW (n)W (n)
gwmW
m2W
m2
W (n)
F1(τW (n)) =
∞∑
n=0
IW (n)
mW
mW (n)
cos θHF1(τW (n)),
Ft =
∞∑
n=0
yHt(n)t(n)
ySMt
mt
mt(n)
F1/2(τt(n)) =
∞∑
n=0
It(n)
mt
mt(n)
cos θHF1/2(τt(n)),
FF =
∞∑
n=1
yHF (n)F (n)
ySMt
mt
mF (n)
F1/2(τF (n)) =
∞∑
n=1
IF (n)
mt
mF (n)
sin
θH
2
F1/2(τF (n)). (3.4)
Here IW (n) , It(n) and IF (n) are defined as IW (n) = gHW (n)W (n)/gwmW (0) cos θH , It(n) =
yHt(n)t(n)/y
SM
t cos θH and IF (n) = yHF (n)F (n)/y
SM
t sin
θH
2
. Contributions from light quarks
and leptons and their KK modes are negligible.
In Fig. 1, the values of IW (n) , It(n) and IF (n) by the numerical calculation in the NF = 4
and θH = 0.1153 case are shown. They approximately behave as
IW (n) ' (−1)n
{
0.0759− 0.0065 lnn+ 0.0022(lnn)2} ,
It(n) ' (−1)n
{
0.2304− 0.0108 lnn+ 0.0017(lnn)2} ,
IF (n) ' (−1)n
{
1.0341− 0.0457 lnn+ 0.0108(lnn)2} (3.5)
for 50 ≤ n ≤ 200. Note that the sign alternates in n. As the masses of the KK modes of
the W boson, top quark and dark fermion are mn ' n ·mKK/2, the sum in each F behaves
as
∑
(−1)n(lnn)α/n (α = 0, 1, 2) and converges. Moreover the contributions from n ≥ 1
are suppressed by the ratio of the electroweak scale to the KK scale. Hence the ratio of F
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to the zero-mode contribution becomes
FW
FW (0)only
= 0.9997 ,
Ft
Ft(0)only
= 0.9983 ,
FF
Ft(0)only
=− 0.0032 , (3.6)
for θH = 0.114 and nF = 4. The ratio of the amplitude to that with only zero modes is
FW + 43Ft + 4FF
FW (0)only + 43Ft(0)only
= 1.0027. (3.7)
It is found that the contributions of the KK modes are less than 1% and negligible. The cou-
plings of the zero modes are approximately given by gHWW ' gSMHWW cos θH = gwmW cos θH
and yt ' ySMt cos θH . Therefore the decay rate in the GHU is approximately cos2 θH times
that in the SM. The deviation from the SM amounts only 1% for θH ∼ 0.1.
3.2 Gauge boson loops
The decay process H → Zγ is more involved than H → γγ. The KK number need not
be conserved at the Z and H vertices, and W
(n)
R also participates. The gauge boson loop
processes for H → Zγ are shown in Fig. 2. We note that HW (m)R W (n)R couplings vanish.
The amplitude of W boson loop Figs. 2(a)(b)(c) is given in the unitary gauge by
iM(a)
W (m),W (n)
+ iM(b)
W (m),W (n)
+ iM(c)
W (m),W (n)
= egHW (m)W (n)gZW (m)W (n)
∗
µ(k1)
∗
ν(k2)
∫
d4p
(2pi)4
Dτα(p,mW (m))Dσ
τ (p− k1 − k2,mW (n))
×
[
2Dβρ(p− k1,mW (m))
{
2ηαβpµ − ηβµ(p− 2k1)α − ηαµ(p+ k1)β
}
×{2ηρσ(p− k1)ν − ησν(p− k1 − 2k2)ρ − ηρν(p− k1 + k2)σ}
−(2ηµνηασ − ηµαηνσ − ηµσηνα)
]
,
Dµν(p,m) =
(
ηµν − pµpν
m2
) 1
p2 −m2 + i , (3.8)
where k1 and k2 are the photon and the Z boson momenta, respectively. The amplitude
(3.8) itself is divergent. However, by adding the m↔ n diagrams and using gHW (m)W (n) =
7
Hγ
Z
W (m)
W (m)
W (n)
(a)
H
γ
Z
W (n)
W (m)
W (m)
(b)
H
γ
Z
W (m)
W (n)
(c)
H
γ
Z
W (m)
W (m)
W
(n)
R
(d)
H
γ
Z
W
(n)
R
W (m)
W (m)
(e)
H
γ
Z
W (m)
W
(n)
R
(f)
Figure 2: The gauge boson loop processes for H → Zγ in the SO(5) × U(1) gauge-Higgs
unification. WR is the SU(2)R gauge boson and has no zero mode. Since HW
(m)
R W
(n)
R
couplings vanish, there are no diagrams involving two or more WR’ s.
gHW (n)W (m) and gZW (m)W (n) = gZW (n)W (m) , the amplitude becomes
i
{M(a)
W (m),W (n)
+M(b)
W (m),W (n)
+M(c)
W (m),W (n)
+ (m←→ n)}
=egHW (m)W (n)gZW (m)W (n)
∗
µ(k1)
∗
ν(k2)
(
ηµν − k
µ
2k
ν
1
k1 · k2
)
i
16pi2
1
m2
W (m)
m2
W (n)
×
{(
m4W (m) +m
4
W (n) + 10m
2
W (m)m
2
W (n)
)
E+(mW (m) ,mW (n))
+
(
(m2W (m) +m
2
W (n))(m
2
H −m2Z)−m2Hm2Z
)
E−(mW (m) ,mW (n))
− (4m2W (m)m2W (n)(m2H −m2Z) + 2m4Z(m2W (m) +m2W (n)))
× (C0(mW (m) ,mW (n)) + C0(mW (n) ,mW (m)))
}
(3.9)
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where
C0(m
2
1,m
2
2) ≡ C0(0,m2H ,m2Z ,m21,m21,m22) ,
E±(m1,m2) ≡ 1 + m
2
Z
m2H −m2Z
{
B0(m
2
H ,m
2
1,m
2
2)−B0(m2Z ,m21,m22)
}
± {m21C0(m21,m22) +m22C0(m22,m21)} , (3.10)
with the Passarino-Veltman functions [28,29] defined by
B0(k
2,m21,m
2
2) ≡
(2pi)4−D
ipi2
∫
dDq
1
(q2 −m21){(q + k)2 −m22}
,
C0(k
2
1, (k1 − k2)2, k22,m21,m22,m23)
≡ 1
ipi2
∫
dDq
1
(q2 −m21){(q + k1)2 −m22}{(q + k2)2 −m23}
, (3.11)
For all C0 and E±, the D → 4 limit has been safely taken, so that the amplitude (3.9) is
finite.
Table 1: JW (m)W (n) defined in (3.12) is shown for 0 ≤ m,n ≤ 7 and for 101 ≤ m,n ≤ 108
in the NF = 4, zL = 10
5 case. Only the values larger than that of O(10−4) are shown with
three significant figures.
0 1 2 3 4 5 6 7
0 1.00 O(10−4) O(10−9) O(10−6) O(10−11) O(10−8) O(10−12) O(10−9)
1 O(10−4) -0.0580 0.0595 O(10−6) O(10−5) O(10−10) O(10−7) O(10−9)
2 O(10−9) 0.0595 0.0218 -0.0413 O(10−8) O(10−5) O(10−9) O(10−5)
3 O(10−6) O(10−6) -0.0413 -0.0625 0.0637 O(10−6) O(10−5) O(10−10)
4 O(10−11) O(10−5) O(10−8) 0.0637 0.0226 -0.0432 O(10−7) O(10−5)
5 O(10−8) O(10−10) O(10−5) O(10−6) -0.0432 -0.0652 0.0648 O(10−6)
6 O(10−12) O(10−7) O(10−9) O(10−5) O(10−7) 0.0648 0.0233 -0.0434
7 O(10−9) O(10−9) O(10−5) O(10−10) O(10−5) O(10−6) -0.0434 -0.0673
101 102 103 104 105 106 107 108
101 -0.0932 0.0705 O(10−6) O(10−4) O(10−12) O(10−5) O(10−8) O(10−6)
102 0.0705 0.0328 -0.0406 O(10−6) O(10−4) O(10−12) O(10−5) O(10−9)
103 O(10−6) -0.0406 -0.0934 0.0706 O(10−6) O(10−4) O(10−12) O(10−5)
104 O(10−4) O(10−6) 0.0706 0.0329 -0.0405 O(10−6) O(10−4) O(10−12)
105 O(10−12) O(10−4) O(10−6) -0.0405 -0.0937 0.0706 O(10−6) O(10−4)
106 O(10−5) O(10−12) O(10−4) O(10−6) 0.0706 0.0330 -0.0405 O(10−6)
107 O(10−8) O(10−5) O(10−12) O(10−4) O(10−6) -0.0405 -0.0940 0.0707
108 O(10−6) O(10−9) O(10−5) O(10−12) O(10−4) O(10−6) 0.0707 0.0331
To obtain the amplitude quantitatively, the numerical values of the couplings
gHW (m)W (n) and gZW (m)W (n) have to be evaluated. The details of evaluation and results are
summarised in Appendix. It is convenient to define the dimensionless coupling JW (m)W (n)
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Figure 3: JW (n)W (n) and JW (n)W (n+1) are plotted for 1 ≤ n ≤ 100 in the NF = 4, zL = 105
case. The red circles and blue squares represent JW (n)W (n) and JW (n)W (n+1) , respectively.
by
JW (m)W (n) ≡
gHW (m)W (n)gZW (m)W (n)
g2w cos θW cos θH
√
mW (m)mW (n)
. (3.12)
The value of JW (m)W (n) is tabulated in Table 1. It is seen that JW (m)W (n) with |m− n| ≥ 2
is smaller than JW (n)W (n) by a factor 10
−2, whereas JW (n±1)W (n) and JW (n)W (n) are of the
same order. JW (n)W (n) and JW (n)W (n+1) are plotted in Fig. 3 for 1 ≤ n ≤ 100 in the NF = 4,
zL = 10
5 case. JW (n)W (n) and JW (n)W (n+1) for 101 ≤ n ≤ 200 are approximately given by
JW (n)W (n) ' −0.0272 + 0.00320(lnn)− 0.00083(lnn)2
+(−1)n−1 (−0.0563 + 0.00654(lnn)− 0.00173(lnn)2) ,
JW (n)W (n+1) ' 0.0135− 0.00160(lnn) + 0.00041(lnn)2
+(−1)n−1 (0.0567− 0.00106(lnn) + 0.00018(lnn)2) . (3.13)
Next we examine the asymptotic behavior of the amplitude for m,n  1. The whole
amplitude of the W boson loop is
iMW = i
2
∞∑
m,n
{
M(a)
W (m),W (n)
+M(b)
W (m),W (n)
+M(c)
W (m),W (n)
+ (n←→ m)
}
. (3.14)
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The diagonal part of the amplitude in (3.14) for n 1 is rewritten as
iM(a)
W (n),W (n)
+ iM(b)
W (n),W (n)
+ iM(c)
W (n),W (n)
=eg2w cos θW cos θH
∗
µ(k1)
∗
ν(k2)
(
ηµν − k
µ
2k
ν
1
k1 · k2
)
i
16pi2
JW (n)W (n)
2m3
W (n)
×
{
− m
2
H −m2Z
2m2
W (n)
(
12m4W (n) + 2m
2
W (n)(m
2
H −m2Z)−m2Hm2Z
)
I1(τW (n) , λW (n))
+ 4
(
4m2W (n)(m
2
H −m2Z)−m2Hm2Z +m4Z
)
I2(τW (n) , λW (n))
}
, (3.15)
where
I1(a, b) =
ab
2(a− b) +
a2b2
2(a− b)2
[
f(a)− f(b)]+ a2b
(a− b)2
[
g(a)− g(b)],
I2(a, b) = − ab
2(a− b) [f(a)− f(b)] ,
g(τ) =

√
τ − 1 sin−1 (√1/τ) for τ ≥ 1 ,
1
2
√
1− τ
[
ln
1 +
√
1− τ
1−√1− τ − ipi
]
for τ < 1 .
(3.16)
and λi ≡ 4m2i /m2Z . τi and f(a) are defined in (3.1) and (3.2). Here, we have used
m2Z
m2H −m2Z
(
B0(m
2
H ,m
2
W (n) ,m
2
W (n))−B0(m2Z ,m2W (n) ,m2W (n))
)
= −1− m
2
H −m2Z
2m2
W (n)
I1(τW (n) , λW (n)) + 2I2(τW (n) , λW (n)) ,
C0(0,m
2
H ,m
2
Z ,m
2
W (n) ,m
2
W (n) ,m
2
W (n)) = −
1
m2
W (n)
I2(τW (n) , λW (n)) . (3.17)
The functions I1, I2 in (3.17) approach constants for mW (n) → ∞. Since JW (m)W (n) for
|m− n| ≥ 2 are negligible comparing to JW (m)W (n) for |m− n| ≤ 1, only the amplitude for
|m− n| ≤ 1 need to be retained. For n 1 mW (n±1) ' mW (n) so that
1
2
∑
m
(
iM(a)
W (m),W (n)
+ iM(b)
W (m),W (n)
+ iM(c)
W (m),W (n)
+ (n←→ m)
)
' eg2w cos θW cos θH∗µ(k1)∗ν(k2)
(
ηµν − k
µ
2k
ν
1
k1 · k2
)
i
16pi2
× 1
2m3
W (n)
(JW (n)W (n) + JW (n+1)W (n) + JW (n−1)W (n))
×
{
− m
2
H −m2Z
2m2
W (n)
(
12m4W (n) + 2m
2
W (n)(m
2
H −m2Z)−m2Hm2Z
)
I1(τW (n) , λW (n))
11
+4
(
4m2W (n)(m
2
H −m2Z)−m2Hm2Z +m4Z
)
I2(τW (n) , λW (n))
}
≈ const.× 1
n
(JW (n)W (n) + JW (n+1)W (n) + JW (n−1)W (n)) . (3.18)
Therefore the large n part of the sum in the whole amplitude of W boson loop is approxi-
mated as
iMW ≈
∞∑
n
const.× 1
n
(JW (n)W (n) + JW (n+1)W (n) + JW (n−1)W (n)) . (3.19)
Even though the sums
∑
JW (n)W (n)/n and
∑
JW (n±1)W (n)/n diverge individually, the com-
bination
∑
(JW (n)W (n) + JW (n+1)W (n) + JW (n−1)W (n)) /n converges since
JW (n)W (n) + JW (n+1)W (n) + JW (n−1)W (n)
' (−1)n−1{− 0.0563 + 0.00654(lnn)− 0.00173(lnn)2} . (3.20)
Next we consider the amplitudes which contain WR in the loop. The amplitude
iM(d)
W (m),W
(n)
R
+ iM(e)
W (m),W
(n)
R
+ iM(f)
W (m),W
(n)
R
is obtained from (3.8) by replacing W (n) by
W
(n)
R . The dimensionless coupling JW (m)W (n)R
is also defined as
J
W (m)W
(n)
R
≡
g
HW (m)W
(n)
R
g
ZW (m)W
(n)
R
g2w cos θW
√
mW (m)mW (n)R
. (3.21)
Table 2: J
W (m)W
(n)
R
in (3.21) is shown for 0 ≤ m ≤ 7, 1 ≤ n ≤ 4 and for 101 ≤ m ≤ 108,
51 ≤ n ≤ 55 in the NF = 4, zL = 105 case. Only values larger than O(10−4) are shown
explicitly with three significant figures.
m
0 1 2 3 4 5 6 7
1 O(10−4) O(10−4) -0.0470 O(10−7) O(10−5) O(10−10) O(10−6) O(10−10)
2 O(10−6) O(10−6) 0.0491 O(10−4) -0.0514 O(10−7) O(10−4) O(10−10)
n 3 O(10−8) O(10−9) O(10−4) O(10−6) 0.0517 O(10−4) -0.0523 O(10−7)
4 O(10−8) O(10−9) O(10−5) O(10−9) O(10−5) O(10−6) 0.0524 O(10−4)
m
101 102 103 104 105 106 107 108
51 O(10−4) -0.0530 O(10−6) O(10−4) O(10−13) O(10−5) O(10−9) O(10−6)
52 O(10−6) 0.0532 O(10−4) -0.0530 O(10−6) O(10−4) O(10−13) O(10−5)
n 53 O(10−11) O(10−4) O(10−6) 0.0532 O(10−4) -0.0530 O(10−6) O(10−4)
54 O(10−8) O(10−5) O(10−11) O(10−4) O(10−6) 0.0532 O(10−4) -0.0530
55 O(10−12) O(10−6) O(10−8) O(10−5) O(10−11) O(10−4) O(10−6) 0.0532
As is seen in the Table 2 , J
W (m)W
(n)
R
is appreciable only when m/2−n = 0, 1. Note that
m
W
(n)
R
' n ·mKK while mW (n) ' n ·mKK/2. For m/2−n = 0, 1, mW (m) ' mW (n) ' n ·mKK
12
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Figure 4: J
W (n)W
(n/2)
R
and J
W (n)W
(n/2+1)
R
are plotted for 1 ≤ n ≤ 100 in the NF = 4, zL = 105
case. The red circles and blue squares represent J
W (n)W
(n/2)
R
and J
W (n)W
(n/2+1)
R
, respectively.
is satisfied. Hence the whole amplitude of the W -WR boson loop is
iMWR =
∞∑
m,n
(
iM(d)
W (m),W
(n)
R
+ iM(e)
W (m),W
(n)
R
+ iM(f)
W (m),W
(n)
R
+ iM(d)
W
(n)
R ,W
(m)
+ iM(e)
W
(n)
R ,W
(m)
+ iM(f)
W
(n)
R ,W
(m)
)
≈
∞∑
n
const.× 1
n
(
J
W (n)W
(n/2)
R
+ J
W (n)W
(n/2+1)
R
)
. (3.22)
J
W (n)W
(n/2)
R
and J
W (n)W
(n/2+1)
R
are plotted in Fig. 4 for 1 ≤ n ≤ 100 in the NF = 4, zL = 105
case. J
W (n)W
(n/2)
R
and J
W (n)W
(n/2+1)
R
are approximated in this range by
J
W (n)W
(n/2)
R
' −0.0530− 0.000018(lnn) + 4.4× 10−6(lnn)2
J
W (n)W
(n/2+1)
R
' 0.0530 + 0.000054(lnn)− 3.7× 10−6(lnn)2. (3.23)
J
W (n)W
(n/2)
R
+ J
W (n)W
(n/2+1)
R
is small, and almost vanishes within numerical errors.
3.3 Fermion loops
Contributions of fermion loops to Γ(H → Zγ) are evaluated similarly. Top quark, charged
dark fermions and their KK excitations give substantial contributions as shown in Fig. 5,
whereas contributions from other quarks and leptons are negligible.
The diagrams of fermion loops Fig. 5 (a, b) (or (c,d)), with generic fermions f (m), yield
iM(a)
f (m),f (n)
+ iM(b)
f (m),f (n)
13
Hγ
Z
t(m)
t(m)
t(n)
(a)
H
γ
Z
t(n)
t(m)
t(m)
(b)
H
γ
Z
F (m)
F (m)
F (n)
(c)
H
γ
Z
F (n)
F (m)
F (m)
(d)
Figure 5: The fermion loop processes of H → Zγ decay in the SO(5)× U(1) gauge-Higgs
unification. F+ is the charged dark fermion which does not have a zero mode.
= −Qfe ∗µ(k1)∗ν(k2)
∫
d4p
(2pi)4
1
p2 −m2
f (m)
1
(p− k1)2 −m2f (m)
1
(p− k1 − k2)2 −m2f (n)
×Tr
[(
yf (m)f (n) + yˆf (m)f (n)γ
5
)
(/p+mf (m))γ
µ(/p− /k1 +mf (m))γν
×(gVZf (m)f (n) + gAZf (m)f (n)γ5)(/p− /k1 − /k2 +mf (n))
+
(
yf (m)f (n) + yˆf (n)f (m)γ
5
)
(−/p+ /k1 + /k2 +mf (n))γν
×(gVZf (m)f (n) + gAZf (n)f (m)γ5)(−/p+ /k1 +mf (m))γµ(−/p+mf (m))]. (3.24)
The Yukawa couplings yf (m)f (n) and yˆf (m)f (n) for f
(m) = t(m) and F (m) are given in (A.25) and
(A.31), respectively. The amplitude (3.24) itself involves divergent integrals, but by adding
the m↔ n diagrams and making use of yf (m)f (n) = yf (n)f (m) and yˆf (m)f (n) = −yˆf (n)f (m) , one
finds that
iM(a)
f (m),f (n)
+ iM(b)
f (m),f (n)
+ (m↔ n) = −iQfe
4pi2
∗µ(k1)
∗
ν(k2)
(
ηµν − k
µ
2k
ν
1
k1 · k2
)
×
{
yf (m)f (n)g
V
Zf (m)f (n)G+(mf (m) ,mf (n))− yˆf (m)f (n)gAZf (m)f (n)G−(mf (m) ,mf (n))
}
,
G±(m1,m2) = 2(m1 ±m2) + 2m
2
Z(m1 ±m2)
m2H −m2Z
(
B0(m
2
H ,m
2
1,m
2
2)−B0(m2Z ,m21,m22)
)
+m1(2m
2
1 ± 2m1m2 −m2H +m2Z)C0(0,m2H ,m2Z ,m21,m21,m22)
±m2(2m22 ± 2m1m2 −m2H +m2Z)C0(0,m2H ,m2Z ,m22,m22,m21) . (3.25)
In this form the amplitude is finite.
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Table 3: Jt(m)t(n) is shown for 0 ≤ m,n ≤ 7 and for 101 ≤ m,n ≤ 108 in the NF = 4,
zL = 10
5 case. Only the values larger than O(10−4) are shown with three significant figures.
0 1 2 3 4 5 6 7
0 0.0988 -0.0041 O(10−4) O(10−5) O(10−7) O(10−6) O(10−6) O(10−7)
1 -0.0041 -0.0790 0.0638 O(10−5) O(10−4) O(10−9) O(10−10) O(10−8)
2 O(10−4) 0.0638 -0.0350 -0.0071 O(10−6) O(10−6) O(10−9) O(10−5)
3 O(10−5) O(10−5) -0.0071 -0.0763 0.0616 O(10−6) O(10−4) O(10−9)
4 O(10−7) O(10−4) O(10−6) 0.0616 -0.0338 -0.0071 O(10−6) O(10−6)
5 O(10−6) O(10−9) O(10−6) O(10−6) -0.0071 -0.0754 0.0609 O(10−6)
6 O(10−6) O(10−10) O(10−9) O(10−4) O(10−6) 0.0609 -0.0334 -0.0070
7 O(10−7) O(10−8) O(10−5) O(10−9) O(10−6) O(10−6) -0.0070 -0.0751
101 102 103 104 105 106 107 108
101 -0.0761 0.0610 O(10−6) O(10−4) O(10−13) O(10−7) O(10−8) O(10−6)
102 0.0610 -0.0337 -0.0068 O(10−6) O(10−6) O(10−13) O(10−5) O(10−9)
103 O(10−6) -0.0068 -0.0761 0.0610 O(10−6) O(10−4) O(10−13) O(10−7)
104 O(10−4) O(10−6) 0.0610 -0.0337 -0.0068 O(10−6) O(10−6) O(10−13)
105 O(10−13) O(10−6) O(10−6) -0.0068 -0.0761 0.0610 O(10−6) O(10−4)
106 O(10−7) O(10−13) O(10−4) O(10−6) 0.0610 -0.0337 -0.0068 O(10−6)
107 O(10−8) O(10−5) O(10−13) O(10−6) O(10−6) -0.0068 -0.0762 0.0610
108 O(10−6) O(10−9) O(10−7) O(10−13) O(10−4) O(10−6) 0.0610 -0.0337
Table 4: JF+(m)F+(n) is shown for 0 ≤ m,n ≤ 7 and for 101 ≤ m,n ≤ 108 in the NF = 4,
zL = 10
5 case. Only the values larger than O(10−4) are shown with three significant figures.
1 2 3 4 5 6 7
1 0.2256 -0.0272 O(10−5) -0.0040 O(10−8) O(10−5) O(10−7)
2 -0.0272 0.2378 0.0824 O(10−6) O(10−5) O(10−8) O(10−5)
3 O(10−5) 0.0824 0.2204 -0.3188 O(10−6) 0.0036 O(10−8)
4 -0.0040 O(10−6) -0.3188 0.2554 0.0866 O(10−6) O(10−5)
5 O(10−8) O(10−5) O(10−6) 0.0866 0.2245 -0.3263 O(10−6)
6 O(10−5) O(10−8) -0.0036 O(10−6) -0.3263 0.2612 0.0874
7 O(10−7) O(10−5) O(10−8) O(10−5) O(10−6) 0.0874 0.2271
101 102 103 104 105 106 107 108
101 0.2505 -0.3528 O(10−6) -0.0033 O(10−11) O(10−5) O(10−8) O(10−5)
102 -0.3528 0.2918 0.0848 O(10−5) O(10−5) O(10−12) O(10−5) O(10−8)
103 O(10−6) 0.0848 0.2508 -0.3531 O(10−6) -0.0033 O(10−11) O(10−5)
104 -0.0033 O(10−5) -0.3530 0.2921 0.0848 O(10−5) O(10−5) O(10−12)
105 O(10−11) O(10−5) O(10−6) 0.0848 0.2510 -0.3533 O(10−6) -0.0033
106 O(10−5) O(10−12) -0.0033 O(10−5) -0.3533 0.2924 0.0847 O(10−5)
107 O(10−8) O(10−5) O(10−11) O(10−5) O(10−6) 0.0847 0.2512 -0.3535
108 O(10−5) O(10−8) O(10−5) O(10−12) -0.0033 O(10−5) -0.3535 0.2927
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We define Jt(m)t(n) and JF+(m)F+(n) by
Jt(m)t(n) ≡
gV
Zt(m)t(n)
yt(m)t(n) cos θW
gwyt cos θH
, (3.26)
JF+(m)F+(n) ≡
gV
ZF+(m)F+(n)
yF (m)F (n) cos θW
gwyt sin
θH
2
(3.27)
In the Table 3 and Table 4, Jt(m)t(n) and JF+(m)F+(n) by the numerical evaluation are shown.
As in the case of JW (n)W (n) , Jt(m)t(n) and JF+(m)F+(n) for |m − n| ≥ 2 become negligible for
m,n > 100. In addition, the terms proportional to yˆf (m)f (n)g
A
Zf (m)f (n)
are negligible around
m,n = 100. The ratio (yˆf (m)f (n)/yf (m)f (n)) · (gAZf (m)f (n)/gVZf (m)f (n)) is smaller than 10−4, and
the yˆf (m)f (n)g
A
Zf (m)f (n)
term in (3.25) may be dropped.
For the asymptotic behavior of the amplitude for m,n 1 only the |m− n| ≤ 1 terms
are relevant. For |m− n| ≤ 1, mf (n±1) ' mf (n) and the amplitudes are evaluated as
iMfermion
≡ 1
2
∞∑
m,n
{
iM(a)
t(m),t(n)
+ iM(b)
t(m),t(n)
+ iM(c)
F+(m),F+(n)
+ iM(d)
F+(m),F+(n)
+ (m↔ n)
}
≈
∞∑
n
i
4pi2
∗µ(k1)
∗
ν(k2)
(
ηµν − k
µ
2k
ν
1
k1 · k2
)
egwyt cos θH
cos θW
(m2H −m2Z)
×
{
2
3mt(n)
(Jt(n)t(n) + Jt(n+1)t(n) + Jt(n−1)t(n))
[
I1(τt(n) , λt(n))− I2(τt(n) , λt(n))
]
+
1
mF+(n)
(JF+(n)F+(n) + JF+(n+1)F+(n) + JF+(n−1)F+(n))
×
[
I1(τF+(n) , λF+(n))− I2(τF+(n) , λF+(n))
]}
. (3.28)
Jt(n)t(m) and JF+(n)F+(m) (m = n, n+ 1) are plotted in Figs. 6 and 7. They are approxi-
mately given, for 101 ≤ n ≤ 200, by
Jt(n)t(n) ' −0.0597 + 0.00323(lnn)− 0.00047(lnn)2
+ (−1)n−1{− 0.0230 + 0.00122(lnn)− 0.00018(lnn)2},
Jt(n)t(n+1) ' 0.0296− 0.00162(lnn) + 0.00024(lnn)2
+ (−1)n−1{0.0362− 0.00143(lnn) + 0.00020(lnn)2}, (3.29)
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Figure 6: Jt(n)t(n) and Jt(n)t(n+1) are plotted for 1 ≤ n ≤ 100 in the NF = 4, zL = 105 case.
The red circles and blue squares express Jt(n)t(n) and Jt(n)t(n+1) , respectively.
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Figure 7: JF+(n)F+(n) and JF+(n)F+(n+1) are plotted for 1 ≤ n ≤ 100 in the NF = 4, zL = 105
case. The red circles and blue squares express JF+(n)F+(n) and JF+(n)F+(n+1) , respectively.
JF+(n)F+(n) ' 0.280− 0.0172(lnn) + 0.00331(lnn)2
+ (−1)n−1{− 0.0212 + 0.00131(lnn)− 0.00026(lnn)2},
JF+(n)F+(n+1) ' −0.138 + 0.0084(lnn)− 0.00163(lnn)2
+ (−1)n−1{− 0.2218 + 0.00558(lnn)− 0.00107(lnn)2}. (3.30)
Adding them, one finds, within numerical errors, that
Jt(n)t(n) + Jt(n+1)t(n) + Jt(n−1)t(n)
≈ (−1)n−1{− 0.0230 + 0.00122(lnn)− 0.00018(lnn)2},
JF+(n)F+(n) + JF+(n+1)F+(n) + JF+(n−1)F+(n)
≈ (−1)n−1{− 0.0212 + 0.00131(lnn)− 0.00026(lnn)2}. (3.31)
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Since iMf ∝
∑
n(Jf (n)f (n) + Jf (n+1)f (n) + Jf (n−1)f (n))/n for large n, the sum converges as in
the case of the gauge boson loops.
3.4 Total amplitude
The ratio of the sum of the all boson contributions to the W boson contribution and that
of all the fermion contributions to the top quark contribution are given by
Mboson
MW (0)only
= 0.9998,
Mfermion
Mt(0)only
= 1.0023, (3.32)
for zL = 10
5, nF = 4, and θH = 0.1153, respectively where Mboson ≡ MW +MWR . The
ratio of the whole amplitude to the W boson and top quark contributions is
Mboson +Mfermion
MW (0)only +Mt(0)only
= 0.9997, (3.33)
One finds that the KK mode contributions are negligible. As gHW (0)W (0) ' gw cos θH and
yt(0) ' ytSM cos θH , the decay width is approximated by
Γ(H → Zγ)GHU ' Γ(H → Zγ)SM × cos2 θH . (3.34)
In the gauge-Higgs unification, the decay width of H → WW , H → ZZ, H → bb and
H → ττ are suppressed by cos2 θH at the tree level. The decay width of the H → γγ and
H → Zγ are also suppressed by cos2 θH . Therefore the branching ratios of the Higgs decay
modes in this model are almost the same as in the SM. The dominant process in the Higgs
boson production is gg → H, and the production cross section is also suppressed by cos2 θH .
Therefore the signal strength, σ(gg → H)B(H → Zγ)/[σ(gg → H)B(H → Zγ)]SM, is
approximately cos2 θH as in the other decay modes. For θH ∼ 0.1, the deviation from the
SM amounts only 1%.
We stress the finiteness of Γ(H → Zγ) in the gauge-Higgs unification which results from
non-trivial cancellation among contributions of the KK modes. One might wonder why such
cancellation takes place and what underlies the finiteness of the amplitude M(H → Zγ)
in the gauge-Higgs unification. We argue that it is guaranteed by the gauge invariance and
by the fact that the 4D Higgs field H is the fluctuation mode of the AB phase θH . In the
effective action the 4D Higgs field H(x) and AB phase θH appear in the combination of
θH + H(x)/fH so that M(H → Zγ) is related to (∂/∂θH)ΠZγ(θH) where ΠZγ(θH) is the
Zγ vacuum polarization. The 5D gauge invariance guarantees that ΠZγ(θH) is periodic in
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θH , and can be expanded in a Fourier series ΠZγ(θH) =
∑
n αne
inθH . The θH-dependence
of the Z couplings of the fields running the inside loops is known to be very weak. At the
one loop level the dominant θH-dependence of ΠZγ(θH) comes from the propagators inside
the loop. Hence the divergence degree is lowered by differentiating ΠZγ(θH) with respect
to θH . There should exist a positive integer q such that ∂
qΠZγ/∂θ
q
H =
∑
n6=0(in)
qαne
inθH
is finite. This in turn implies that ΠZγ(θH) − α0 is finite, from which the finiteness of
M(H → Zγ) at the one loop level follows. A similar argument has been employed to
prove the finiteness of the effective potential Veff(θH) at the one loop level. [30]
4 Conclusion and discussions
In this paper we have evaluated the decay rate Γ(H → Zγ) in the SO(5) × U(1) gauge-
Higgs unification. The processes H → γγ and H → Zγ do not occur at the tree level.
They do proceed at the one loop level, where an infinite number of the KK modes of gauge
bosons and fermions give loop corrections. Contrary to the naive expectation that the sum
of an infinite number of the KK mode contributions may yield substantial corrections to the
decay rates in the SM, it has been known that the correction to Γ(H → γγ) coming from
KK modes turns out very tiny, thanks to the cancellation among the KK mode corrections.
We have examined the process H → Zγ in detail, for which the KK number need not
be conserved inside the loop. We have shown, by direct evaluation, that there appears
miraculous cancellation among the loop diagrams in which the KK number is conserved in
the loop and those in which the KK number is not conserved. As a result the amplitude
for H → Zγ becomes finite. We also showed that the correction due to various KK modes
is very small. Γ(H → Zγ) in the gauge-Higgs unification is approximately cos2 θH times
that in the SM. The deviation from the SM is very small for θH < 0.1.
The result is very promising. The SO(5)× U(1) gauge-Higgs unification yields almost
the same phenomenology as the SM at low energies. At higher energy scale it predicts
KK excitation modes as Z ′ and W ′ events and a dark matter candidate, which awaits
confirmation at 14 TeV LHC and by DM direct-detection experiments. Small deviations
of HWW and HZZ couplings from the SM will be checked in future colliders. [31] In
addition to deriving more predictions for collider experiments, the scenario of the gauge-
Higgs unification has to be refined. The scenario of the gauge-Higgs grand unification
has been proposed. [32] An attempt has been made to dynamically determine orbifold
boundary conditions. [33] The Hosotani mechanism, essential for the electroweak gauge
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symmetry breaking in the gauge-Higgs unification, has been investigated nonperturbatively
on the lattice. [34] The gauge-Higgs unification is one of the keys to investigate the extra
dimension.
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A Couplings of KK modes to Z and H
We summarize the Z and H couplings of the KK modes relevant for H → Zγ.
A.1 Base functions
Mode functions for KK towers of various fields in the RS spacetime are expressed in terms
of Bessel functions. For gauge fields we define
C(z;λ) =
pi
2
λzzLF1,0(λz, λzL) , C
′(z;λ) =
pi
2
λ2zzLF0,0(λz, λzL) ,
S(z;λ) = −pi
2
λzF1,1(λz, λzL) , S
′(z;λ) = −pi
2
λ2zF0,1(λz, λzL) ,
Sˆ(z;λ) =
C(1;λ)
S(1;λ)
S(z;λ) , (A.1)
where Fα,β(u, v) = Jα(u)Yβ(v)− Yα(u)Jβ(v). They satisfy
C(zL;λ) = zL , C
′(zL;λ) = 0 , S(zL;λ) = 0 , S ′(zL;λ) = λ ,
CS ′ − SC ′ = λz . (A.2)
For fermions with a bulk mass parameter c we define(
CL
SL
)
(z;λ, c) = ±pi
2
λ
√
zzLFc+ 1
2
,c∓ 1
2
(λz, λzL) ,(
CR
SR
)
(z;λ, c) = ∓pi
2
λ
√
zzLFc− 1
2
,c± 1
2
(λz, λzL) . (A.3)
They satisfy
D+(c)
(
CL
SL
)
= λ
(
SR
CR
)
, D−(c)
(
CR
SR
)
= λ
(
SL
CL
)
,
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D±(c) = ± d
dz
+
c
z
,
CR = CL = 1 , SR = SL = 0 , at z = zL ,
CLCR − SLSR = 1 . (A.4)
In the following we evaluate various couplings by inserting the formulas for the KK
expansions. Basic formulas for the KK expansions of gauge fields and quark fields are
summarized in Ref. [24], whereas those for dark fermions are given in Ref. [25]. We adopt
the same notation as in those references. The numerical values for the various couplings
are given for the parameter set
zL = 10
5, θH = 0.1153,mKK = 7.405 TeV, k = 2.357× 108 GeV, ct = 0.2270, cF = 0.3321.
(A.5)
A.2 ZW (m)W (n) coupling
The ZW (m)W (n) coupling is contained in∫ zL
1
dz
kz
(
−1
4
)
Tr [FµνFρσ] η
µρηνσ
⊃ igA
∫ zL
1
dz
kz
Tr
[
(∂µZˆν − ∂νZˆµ)[Wˆ+ρ , Wˆ−σ ]
+ (∂µWˆ
−
ν − ∂νWˆ−µ )[Zˆρ, Wˆ+σ ] + (∂µWˆ+ν − ∂νWˆ+µ )[Zˆρ, Wˆ−σ ]
]
ηµρηνσ
⊃ i
∑
m,n
gZW (m)W (n)η
µρηνσ
{
(∂µZν − ∂νZµ)W+(m)ρ W−(n)σ
− (∂µW+(m)ν − ∂νW+(m)µ )ZρW−(n)σ + (∂µW−(n)ν − ∂νW−(n)µ )ZρW+(m)σ
}
(A.6)
so that one finds that
gZW (m)W (n) = gw
√
L
∫ zL
1
dz
kz
×
{
hLZ
(
hLW (m)h
L
W (n) +
hˆW (m)hˆW (n)
2
)
+ hRZ
(
hRW (m)h
R
W (n) +
hˆW (m)hˆW (n)
2
)
+hˆZ
(
hL
W (m)
hˆW (n) + h
R
W (m)
hˆW (n) + hˆW (m)h
L
W (n)
+ hˆW (m)h
R
W (n)
2
)}
= gw cos θW
√
L√
rZ rW (m) rW (n)
∫ zL
1
dz
kz
1√
2
×
[
2CZ
(
(1 + cos2 θH)CW (m)CW (n) + sin
2 θH SˆW (m)SˆW (n)
)
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+
sin2 θH
cos2 θW
{
− CZ(CW (m)CW (n) + SˆW (m)SˆW (n)) + SˆZ(CW (m)SˆW (n) + SˆW (m)CW (n))
}]
.(A.7)
Here CW (m) = C(z;λW (m)) etc. Numerical values of gZW (m)W (n) are given in Table 5.
Table 5: gZW (m)W (n)/gw cos θW . Only the values larger than O(10
−3) are shown and written
by three significant figures.
0 1 2 3 4 5 6 7
0 1. O(10−4) O(10−7) O(10−5) O(10−7) O(10−6) O(10−8) O(10−6)
1 O(10−4) 0.996 0.032 O(10−5) O(10−4) O(10−6) O(10−5) O(10−6)
2 O(10−7) 0.032 0.350 -0.022 O(10−7) O(10−4) O(10−6) O(10−4)
3 O(10−5) O(10−5) -0.022 0.996 0.032 O(10−5) O(10−4) O(10−6)
4 O(10−7) O(10−4) O(10−7) 0.032 0.350 -0.023 O(10−5) O(10−4)
5 O(10−6) O(10−6) O(10−4) O(10−5) -0.023 0.996 0.032 O(10−5)
6 O(10−8) O(10−5) O(10−6) O(10−4) O(10−5) 0.032 0.350 -0.023
7 O(10−6) O(10−6) O(10−4) O(10−6) O(10−4) O(10−5) -0.023 0.996
A.3 γZW (m)W (n) coupling
Similarly γZW (m)W (n) coupling is contained in
(gA)
2
∫ zL
1
dz
kz
Tr
[
[Aˆγ(A)µ , Wˆ
+
ν ]
(
[Zˆρ, Wˆ
−
σ ]− [Zˆσ, Wˆ−ρ ]
)
+[Aˆγ(A)µ , Wˆ
−
ν ]
(
[Zˆρ, Wˆ
+
σ ]− [Zˆσ, Wˆ+ρ ]
) ]
ηµρηνσ
⊃
∑
m,n
gγZW (m)W (n)η
µρηνσ
×{AγµW+(m)ν (ZρW−(n)σ − ZσW−(n)ρ ) + AγµW−(n)ν (ZρW+(m)σ − ZσW+(m)ρ )} (A.8)
so that
gγZW (m)W (n) = −g2wL
∫ zL
1
dz
kz
×
{
hLγh
L
W (m)
(
hLZh
L
W (n) +
hˆZ hˆW (n)
2
)
+ hRγ h
R
W (m)
(
hRZh
R
W (n) +
hˆZ hˆW (n)
2
)
+
hLγ + h
R
γ
2
hˆW (m)
(
hLZ hˆW (n) + h
R
Z hˆW (n) + hˆZh
L
W (n)
+ hˆZh
R
W (n)
2
)}
= −egZW (m)W (n) . (A.9)
The relation gγZW (m)W (n) = −egZW (m)W (n) follows from the gauge invariance as well.
22
A.4 HW (m)W (n) coupling
The Higgs coupling HW (m)W (n) is contained in the TrFµzF
µz term
− igAk2
∫ zL
1
dz
kz
Tr
[
∂zWˆ
−
µ
[
Wˆ+ν , Hˆ
]
+ ∂zWˆ
+
µ
[
Wˆ−ν , Hˆ
]]
ηµν
⊃ −
∑
m,n
gHW (m)W (n)HW
+(m)
µ W
−(n)
ν η
µν (A.10)
so that
gHW (m)W (n) = igAk
2
∫ zL
1
dz
kz
× i
2
uH(z)
[
−(∂zhˆW (m))(hLW (n) − hRW (n))+ ∂z(hLW (m) − hRW (m))hˆW (n) + (m←→ n)]
= −gw
√
kL
z2L − 1
1√
rW (m)rW (n)
sin θH cos θH
×
∫ zL
1
dz
{(
∂zSˆW (m)
)
CW (n) −
(
∂zCW (m)
)
SˆW (n) +
(
m←→ n)} . (A.11)
Numerical values of gHW (m)W (n) are given in Table 6.
Table 6: gHW (m)W (n)/gw cos θH in the unit of GeV written by three significant figures. The
values smaller than O(10) are abbreviated.
0 1 2 3 4 5 6 7
0 80.0 2.55×102 O(1) 45.4 O(10−1) 20.7 O(10−1) 10.4
1 2.55×102 -3.50×102 1.39×104 -1.96×102 1.40×103 O(1) 2.28×102 -24.1
2 O(1) 1.39×104 5.62×102 2.06×104 2.87×102 3.04×103 O(1) 1.66×103
3 45.4 -1.96×102 2.06×104 -8.40×102 2.94×104 -4.17×102 3.54×103 O(1)
4 O(10−1) 1.40×103 2.87×102 2.93×104 1.07×103 3.49×104 5.11×102 4.51×103
5 20.7 O(1) 3.04×103 -4.17×102 3.49×104 -1.36×103 4.46×104 -6.40×102
6 O(10−1) 2.28×102 O(1) 3.54×103 5.11×102 4.46×104 1.60×103 4.88×104
7 10.4 -24.1 1.66×103 O(1) 4.51×103 -6.40×102 4.88×104 -1.90×103
A.5 ZW (m)W
(n)
R coupling
The ZW (m)W
(n)
R coupling in
i
∑
m,n
g
ZW (m)W
(n)
R
ηµρηνσ
{
(∂µZν − ∂νZµ)(W+(m)ρ W−(n)R σ +W−(m)ρ W+(n)R σ )
+(∂µW
−(m)
ν − ∂νW−(m)µ )ZρW+(n)R σ − (∂µW+(m)ν − ∂νW+(m)µ )ZρW−(n)R σ
+(∂µW
−(n)
R ν − ∂νW−(n)R µ )ZρW+(m)σ − (∂µW+(n)R ν − ∂νW+(n)R µ )ZρW−(m)σ
}
(A.12)
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is given by
g
ZW (m)W
(n)
R
= gw
√
L
∫ zL
1
dz
kz
{
hLZh
L
W (m)h
L
W
(n)
R
+ hRZh
R
W (m)h
R
W
(n)
R
+ hˆZ hˆW (m)
hL
W
(n)
R
+ hR
W
(n)
R
2
}
= gw cos θW
√
L√
rZ rW (m) rW (n)R
∫ zL
1
dz
kz
1√
2
× sin
2 θH
cos2 θW
cos θH√
1 + cos2 θH
{
CZCW (m)CW (n)R
− SˆZSˆW (m)CW (n)R
}
. (A.13)
Numerical values of g
ZW (m)W
(n)
R
are given in Table 7.
Table 7: g
ZW (m)W
(n)
R
/gw cos θW . Only the values larger than O(10
−3) are shown and written
by two significant figures.
m
0 1 2 3 4 5 6 7
1 O(10−4) 0.004 -0.027 O(10−5) O(10−4) O(10−6) O(10−5) O(10−6)
n 2 O(10−5) O(10−5) 0.025 0.004 -0.027 O(10−5) O(10−4) O(10−6)
3 O(10−6) O(10−6) 0.001 O(10−4) 0.026 0.004 -0.027 O(10−5)
4 O(10−6) O(10−6) O(10−4) O(10−6) 0.001 O(10−4) 0.027 0.004
A.6 γZW (m)W
(n)
R coupling
Similarly γZW (m)W
(n)
R coupling is contained in
(gA)
2
∫ zL
1
dz
kz
ηµρηνσ
×Tr
[
[Aˆγ(A)µ , Wˆ
+
ν ]
(
[Zˆρ, Wˆ
−
R σ]− [Zˆσ, Wˆ−R ρ]
)
+ [Aˆγ(A)µ , Wˆ
−
ν ]
(
[Zˆρ, Wˆ
+
R σ]− [Zˆσ, Wˆ+R ρ]
)
[Aˆγ(A)µ , Wˆ
−
R ν ]
(
[Zˆρ, Wˆ
+
R σ]− [Zˆσ, Wˆ+ρ ]
)
+ [Aˆγ(A)µ , Wˆ
−
R ν ]
(
[Zˆρ, Wˆ
+
R σ]− [Zˆσ, Wˆ+ρ ]
) ]
⊃
∑
m,n
g
γZW (m)W
(n)
R
ηµρηνσ
×{AγµW+(m)ν (ZρW−(n)R σ − ZσW−(n)R ρ ) + AγµW−(n)ν (ZρW+(m)R σ − ZσW+(m)R ρ )
+AγµW
+(m)
R ν (ZρW
−(n)
σ − ZσW−(n)ρ ) + AγµW−(n)R ν (ZρW+(m)σ − ZσW+(m)ρ )
}
(A.14)
so that
g
γZW (m)W
(n)
R
= −g2w
√
L
∫ zL
1
dz
kz
{
hLγ(0)h
L
W (m)h
L
Zh
L
W
(n)
R
+ hRγ(0)h
R
W (m)h
R
Zh
R
W
(n)
R
+
1
2
(
hLγ(0) + h
R
γ(0)
)
hˆW (m)
1
2
hˆZ
(
hL
W
(n)
R
+ hR
W
(n)
R
)}
= −egwgZW (m)W (n)R . (A.15)
The relation g
γZW (m)W
(n)
R
= −eg
ZW (m)W
(n)
R
follows from the gauge invariance as well.
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A.7 HW (m)W
(n)
R and HW
(m)
R W
(n)
R coupling
Similarly the HW (m)W
(n)
R coupling contained in
− igAk2
∫ zL
1
dz
kz
Tr
[
∂zWˆ
−
R µ
[
Wˆ+ν , Hˆ
]
+ ∂zWˆ
+
µ
[
Wˆ−R ν , Hˆ
]]
ηµν
⊃ −
∑
m,n
g
HW (m)W
(n)
R
HW+(m)µ W
−(n)
R ν η
µν (A.16)
is given by
g
HW (m)W
(n)
R
= igAk
2
∫ zL
1
dz
kz
× i
2
uH(z)
[
∂z
(
hL
W
(n)
R
− hR
W
(n)
R
)
hˆW (m) −
(
∂zhˆW (m)
)(
hL
W
(n)
R
− hR
W
(n)
R
)]
= −gw
√
kL
z2L − 1
1√
rW (m)rW (n)R
(− sin θH)
×
∫ zL
1
dz
[(
∂zCW (n)R
)
SˆW (m) −
(
∂zSˆW (m)
)
C
W
(n)
R
]
. (A.17)
Numerical values of g
HW (m)W
(n)
R
are given in Table 8. The HW
(m)
R W
(n)
R couplings vanish
for all m,n as a result of the Lie algebra.
Table 8: g
HW (m)W
(n)
R
/gw in the unit of GeV written by three significant figures. The values
smaller than O(10) are abbreviated.
m
0 1 2 3 4 5 6 7
1 266 -168 1.27×104 -69.0 974 O(1) 280 O(1)
n 2 50.5 -123 2.13×104 -411 2.76×104 -166 2.63×103 O(1)
3 20.6 -10.6 3.60×103 -247 3.62×104 -670 4.22×104 -264
4 11.1 -16.0 1.56×103 -13.2 5.49×103 -371 5.08×104 -940
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A.8 Zt(m)t(n) coupling
The Z couplings of the top quark tower are found from
2∑
a=1
∫ zL
1
dz
√
G
−
Ψa (−igAAµ − igBQXaBµ) zγµΨa
⊃ −igwZµ
√
L
∫ zL
1
dz
k
×
{
hLZ
2
(
¯˜UγµU˜ − ¯˜BγµB˜ + ¯˜tγµt˜
)
+
hRZ
2
(
¯˜UγµU˜ + ¯˜BγµB˜ − ¯˜tγµt˜
)
+
hˆZ
2
(
¯˜Bγµt˜′ + ¯˜tγµt˜′ +
¯˜
t′γµB˜ +
¯˜
t′γµt˜
)
+QX1tφh
B
Z
(
¯˜BγµB˜ + ¯˜tγµt˜+
¯˜
t′γµt˜′
)
+QX2tφh
B
Z
¯˜UγµU˜
}
. (A.18)
The Zt(m)t(n) couplings are found to be
− i gw
cos θW
∑
m,n
Zµ(−i) t¯(m)L γµt(n)L
√
L√
2rZ
∫ zL
1
dz
×
{
CZf
(m)
UL
f
(n)
UL
+ cos θHCZ
(
−f (m)BL f
(n)
BL
+ f
(m)
tL
f
(n)
tL
)
+
−√2 sin θH
2
SˆZ
(
f
(m)
BL
f
(n)
t′L
+ f
(m)
tL
f
(n)
t′L
+ f
(m)
t′L
f
(n)
BL
+ f
(m)
t′L
f
(n)
tL
)
− 2 sin2 θWCZQX1
(
f
(m)
UL
f
(n)
UL
+ f
(m)
BL
f
(n)
BL
+ f
(m)
tL
f
(n)
tL
+ f
(m)
t′L
f
(n)
t′L
)}
(A.19)
for the left-handed component t
(n)
L and a similar expression for t
(n)
R . Noting that QX1 =
2
3
and QX2 = −13 , one finds that
Zµ
∑
m,n
{
g
Zt
(m)
L t
(n)
L
t¯
(m)
L γ
µt
(n)
L + gZt(m)R t
(n)
R
t¯
(m)
R γ
µt
(n)
R
}
(A.20)
where
g
Zt
(m)
L t
(n)
L
=
gw
cos θW
√
2L√
rZrt(m)rt(n)
∫ zL
1
dz
×
[( µ˜2
µ22
+ c2H
)
C
(m)
L C
(n)
L CZ +
s2H
2
(
C
(m)
L
C
(n)
L (1)
S
(n)
L (1)
S
(n)
L +
C
(m)
L (1)
S
(m)
L (1)
S
(m)
L C
(m)
L
)
SˆZ
−2
3
sin2 θW
{(
2
µ˜2
µ22
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Therefore the vector and axial vector coupling are written by
gVZt(m)t(n) =
g
Zt
(m)
L t
(n)
L
+ g
Zt
(m)
R t
(n)
R
2
, gAZt(m)t(n) =
g
Zt
(m)
L t
(n)
L
− g
Zt
(m)
R t
(n)
R
2
(A.22)
Numerical values of gV
Zt(m)t(n)
are given in Table 9.
Table 9: gV
Zt(m)t(n)
= 1
2
{g
Zt
(m)
L t
(n)
L
+g
Zt
(m)
R t
(n)
R
} in the unit of g/ cos θW . The values larger than
O(10−3) are shown. gA
Zt(m)t(n)
= 1
2
{g
Zt
(m)
L t
(n)
L
− g
Zt
(m)
R t
(n)
R
} in the unit of g/ cos θW is smaller
than O(10−3) in the range of m,n ≤ 10, except for gA
Zt(0)t(0)
= −0.2501.
0 1 2 3 4 5 6 7
0 0.095 -0.008 0.001 O(10−4) O(10−5) O(10−4) O(10−5) O(10−5)
1 -0.008 0.337 0.059 O(10−4) 0.002 O(10−5) O(10−6) O(10−6)
2 0.001 0.059 -0.149 -0.010 O(10−5) O(10−4) O(10−5) O(10−4)
3 O(10−4) O(10−4) -0.010 0.338 0.056 O(10−5) 0.002 O(10−6)
4 O(10−5) 0.002 O(10−5) 0.056 -0.149 -0.010 O(10−5) O(10−4)
5 O(10−4) O(10−5) O(10−4) O(10−5) -0.010 0.338 0.056 O(10−4)
6 O(10−5) O(10−6) O(10−5) 0.002 O(10−5) 0.056 -0.150 -0.010
7 O(10−5) O(10−6) O(10−4) O(10−6) O(10−4) O(10−4) -0.010 0.338
A.9 Ht(m)t(n) coupling
The Higgs couplings of the top quark tower are contained in∫ zL
1
dz
√
G
−
Ψ1 (−igAkzAz) γ5Ψ1
⊃ −igw
√
LH
∫ zL
1
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. (A.23)
One finds that
g
Ht
(m)†
R t
(n)
L
= g
Ht
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L t
(m)
R
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= −gwk
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We denote
yt(m)t(n) =
g
Ht
(m)†
L t
(n)
R
+ g
Ht
(m)†
R t
(n)
L
2
, yˆt(m)t(n) =
−g
Ht
(m)†
L t
(n)
R
+ g
Ht
(m)†
R t
(n)
L
2
. (A.25)
For m = n
yt(m)t(m) = −
gwk
√
kL
2
√
z2L − 1
rt(n)
sHcH
C
(m)
L (1)
S
(m)
L (1)
,
yˆt(m)t(m) = 0 . (A.26)
Numerical values of yt(m)t(n) and yˆt(m)t(n) are given in Table 10 and 11, respectively.
Table 10: yt(m)t(n) in the unit of yt cos θH . Only the values larger than O(10
−3) are shown
and written by three significant figures.
0 1 2 3 4 5 6 7
0 1.00 0.517 0.188 0.049 -0.010 0.044 0.025 0.013
1 0.517 -0.225 1.04 -0.090 0.234 O(10−4) O(10−4) -0.010
2 0.188 1.04 0.226 0.674 0.088 0.034 O(10−4) 0.057
3 0.049 -0.090 0.694 -0.217 1.05 -0.087 0.244 O(10−4)
4 -0.010 0.234 0.088 1.05 0.217 0.670 0.087 0.028
5 0.044 O(10−4) 0.034 -0.087 0.670 -0.214 1.05 -0.087
6 0.025 O(10−4) O(10−4) 0.244 0.087 1.05 0.215 0.667
7 0.013 -0.010 0.057 O(10−4) 0.028 -0.087 0.667 -0.213
Table 11: yˆt(m)t(n) in the unit of yt cos θH . Only the values larger than O(10
−3) are shown
and written by three significant figures.
0 1 2 3 4 5 6 7
0 0 -0.529 0.091 -0.043 -0.015 -0.049 0.015 -0.011
1 0.529 0 -0.040 0.014 -0.005 O(10−4) O(10−5) 0.002
2 -0.091 0.040 0 -0.119 -0.012 -0.011 O(10−4) -0.026
3 0.043 0.012 0.119 0 -0.024 0.008 -0.014 O(10−4)
4 0.015 O(10−3) 0.012 0.024 0 -0.060 -0.007 -0.005
5 0.049 O(10−4) 0.011 -0.008 0.062 0 -0.017 0.006
6 -0.015 O(10−4) O(10−4) 0.014 0.007 0.017 0 -0.040
7 0.011 O(10−3) 0.026 O(10−4) 0.005 0.006 0.040 0
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A.10 ZF (m)F (n) coupling
The Z couplings of the dark fermion tower are given by∫ zL
1
dz
√
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, (A.27)
where F
(n)
L is a abbreviation of the doublet (F
+(n)
L , F
0(n)
L )
T and I3 is a isospin operator. For
QXF = 1/2 one finds that
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− sin θH Sˆ(z) sin θH
2
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2
×
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. (A.28)
g
ZF
+(m)
R F
+(n)
R
and g
ZF
0(m)
R F
0(n)
R
are obtained from the formulas for g
ZF
+(m)
L F
+(n)
L
and g
ZF
0(m)
L F
0(n)
L
by replacing CL(z) to SR(z) and SL(z) to CR(z), respectively. Numerical values of
gV
ZF+(m)F+(n)
and gV
ZF 0(m)F 0(n)
are given in Table 12 and 13, respectively.
Table 12: gV
ZF+(m)F+(n)
= 1
2
{g
ZF
+(m)
L F
+(n)
L
+ g
ZF
+(m)
R F
+(n)
R
} in the unit of g/ cos θW . Only the
value larger than O(10−3) are shown and written by three significant figures.
1 2 3 4 5 6 7
1 -0.230 0.021 O(10−5) -0.001 O(10−6) O(10−4) O(10−6)
2 0.021 0.267 0.009 O(10−6) O(10−5) O(10−6) O(10−5)
3 O(10−5) 0.009 -0.230 0.024 O(10−6) -0.001 O(10−6)
4 -0.001 O(10−6) 0.024 0.267 0.009 O(10−6) O(10−4)
5 O(10−6) O(10−5) O(10−6) 0.009 -0.229 0.025 O(10−6)
6 O(10−4) O(10−6) -0.001 O(10−6) 0.025 0.267 0.009
7 O(10−6) O(10−5) O(10−6) O(10−4) O(10−6) 0.009 -0.229
Table 13: gV
ZF 0(m)F 0(n)
= 1
2
{g
ZF
0(m)
L F
0(n)
L
+ g
ZF
0(m)
R F
0(n)
R
} in the unit of g/ cos θW . Only the
value larger than O(10−3) are shown and written by three significant figures.
1 2 3 4 5 6 7
1 -0.002 -0.021 O(10−5) 0.001 O(10−6) O(10−4) O(10−6)
2 -0.021 -0.498 -0.009 O(10−5) O(10−5) O(10−6) O(10−5)
3 O(10−5) -0.009 -0.002 -0.024 O(10−5) 0.001 O(10−6)
4 0.001 O(10−5) -0.024 -0.498 -0.009 O(10−5) O(10−4)
5 O(10−6) O(10−5) O(10−5) -0.009 -0.002 -0.025 O(10−5)
6 O(10−4) O(10−6) 0.001 O(10−5) -0.025 -0.498 -0.009
7 O(10−6) O(10−5) O(10−6) O(10−4) O(10−6) -0.009 -0.002
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A.11 HF (m)F (n) coupling
The Higgs couplings of the dark fermion tower are given by∫ zL
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One can show that g∗
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(m)†
R F
(n)
L
= g
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(m)†
R F
(n)
L
= g
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(n)†
L F
(m)
R
. We define
yF (m)F (n) =
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In particular
yF (n)F (n) = gw
√
kL√
rF (m)rF (n)
sin
θH
2
cos
θH
2
1
4
√
z2L − 1S(n)L (1)C(n)L (1) . (A.32)
Numerical values of yF (m)F (n) and yˆF (m)F (n) are given in Table 14 and 15, respectively.
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Table 14: yF (m)F (n) in the unit of yt sin
θH
2
. The value are written by three significant
figures.
1 2 3 4 5 6 7
1 -0.944 -12.6 0.328 2.85 -0.006 -0.485 0.038
2 -12.6 0.856 8.73 -0.357 -0.174 0.003 0.394
3 0.328 8.73 -0.924 -12.7 0.369 2.65 -0.002
4 2.85 -0.357 -12.7 0.920 9.05 -0.376 -0.277
5 -0.006 -0.174 0.369 9.05 -0.942 -12.7 0.380
6 -0.485 0.003 2.65 -0.376 -12.7 0.941 9.13
7 0.038 0.394 -0.002 -0.277 0.380 9.13 -0.953
Table 15: yˆF (m)F (n) in the unit of yt sin
θH
2
. Only the value larger than O(10−3) are shown
and written by three significant figures.
1 2 3 4 5 6 7
1 0 -6.54 0.117 1.35 -0.017 -0.654 0.013
2 6.54 0 1.62 -0.094 0.168 0.005 0.106
3 -0.117 -1.62 0 -1.26 0.066 0.627 -0.002
4 -1.35 0.094 1.26 0 0.934 -0.057 0.027
5 0.017 -0.168 -0.066 -0.934 0 -0.668 0.044
6 0.654 0.005 -0.627 0.057 0.668 0 0.648
7 -0.013 -0.106 0.002 -0.027 -0.044 -0.648 0
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